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Monoclinic Ru(PO3)3 was prepared as the third form of RuP3O9, and the structure was determined by the single-
crystal X-ray technique. It contains infinite spiral chains of polyphosphate ions and RuO6 octahedra as found in
other C-form metaphosphates. While other C-form metaphosphates have 3-fold superstructures, monoclinic Ru-
(PO3)3 has a superstructure with an 8-foldb-axis. The space group isP21/a, and the cell parameters area )
10.578(5) Å,b ) 51.154(5) Å,c ) 9.394(4) Å, andâ ) 97.74(4)°. The comparison between the real structure
and the parent subcell structure with the space groupI2/a shows that the deviations of the O1 atoms, which
bridge two phosphorus atoms, are larger than those of other atoms. The displacements of the O1 atoms exhibit
a static longitudinal sine wave along theb-axis with a wavelength ofb/3. The bond angle P-O1-P is 180° in
the parent subcell structure, and the shifts of the O1 atoms to attain more stable bond angles cause mechanical
frustration, which leads to the superstructure. The observed superstructures of the monoclinic Ru(PO3)3 and
C-form metaphosphates can be explained by a simple analytical model, in which neighboring O1 atoms are
mechanically coupled through polyhedral chains to cause opposite displacements.

Introduction

Chemistry of transition-metal phosphates is now extensively
being studied since the field has been found full of new
compounds and interesting structures.1 Recently we reported
two ruthenium phosphates, cyclohexaphosphate Ru2(P6O18) and
triclinic metaphosphate Ru(PO3)3, which were the first reported
ruthenium phosphates.2 In this article, we describe another
ruthenium phosphate, monoclinic metaphosphate Ru(PO3)3 (1).
It is the stablest form among the three isomeric ruthenium
phosphates at higher temperatures2 and the first ruthenium
phosphate that we have prepared. Powder X-ray studies
indicated that its structure was similar to those of the C-form
metaphosphates, M(PO3)3 (M ) Al,3 V,4 Sc,5 In,6 Ti,7 Mo,8

Rh,9 and Cr10). While these normal C-form metaphosphates
have superstructures with a tripledb-axis, the powder pattern
of 1 does not show clearly the reflection peaks expected for
the tripled structure. The structural problem of the C-formlike
Ru(PO3)3 had been unsettled until we could recently obtain
single crystals suitable for X-ray studies. The analysis of the
structure has revealed that the compound has an 8-foldb-axis.

Experimental Section

Preparation of 1. A mixture of ruthenium chloride hydrate
(Aldrich) and phosphoric acid (85%) in the molar ratio of Ru:P) 1:5
was heated in a gold boat under a nitrogen stream at 430°C for 5 days
to give a red-black glassy material. Further heating of this material at
495 °C for 3 days followed by washing with ethanol for removal of
unreacted phosphoric acid yielded a yellow powder of1. X-ray
fluorescence analysis indicated that the product did not contain chlorine.
The IR spectrum was similar to that reported for Cr(PO3)3.11

The compound could be prepared also by a reaction of soluble
ruthenium oxide with phosphoric acid in a gold boat. However, the
product was contaminated by a small amount of triclinic Ru(PO3)3.
Preparation of Single Crystals. Single crystals of1were obtained

by using an amorphous precursor “H2RuP3O10” prepared by the reaction
of ruthenium chloride hydrate with phosphoric acid.2 A mixture of the
precursor and NaNO3 (Ru:Na) 2:1) in a gold boat was heated under
a nitrogen stream at 490°C for 20 days. After a small amount of
phosphoric acid was added, the mixture was heated at 450°C for 4
days. The product was wrapped with a gold sheet, heated in an
evacuated silica tube at 960°C for 14 days, and washed with methanol-
acetone to give orange single crystals of1. The crystals obtained by
this method had very good quality for X-ray studies.
Single crystals of1 could grow from the system without sodium if

the conditions were suitable: The amorphous “H2RuP3O10” described
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above was heated in an evacuated silica tube at 980°C for 17 days to
yield orange single crystals of1 on the wall of the silica tube. One of
the single crystals obtained by this method was used for X-ray work
described here. This method does not always give good single crystals.
Heating the amorphous “H2RuP3O10” in a silica tube yielded various
compounds depending very delicately on the process of preparing the
amorphous “H2RuP3O10” and on the conditions of heating it.
When the product of a hydrothermal reaction of ruthenium chloride

hydrate, NaH2PO4‚2H2O, and phosphoric acid at 180°C was heated at
1 100°C in an evacuated silica tube, larger crystals of1were obtained.
However, all of the crystals examined with an X-ray camera were
rotation twins where thec-axis was the rotation axis.12

Structure Determination. Oscillation photographs around the
b-axis and Precession photographs of thea*-b* plane of the crystal1
showed satellite reflections, which we first interpreted as those due to
the incommensurate superstructure along theb-axis. However, we
found later that the observed superspots were consistent with 8-fold
superstructure.
Single-crystal X-ray data were measured on a Rigaku AFC-5R

diffractometer with Mo KR radiation monochromated with graphite.
Intensities of all reflections of the hemisphere ((h,+k,(l) in the 2θ
range of 5° e 2θ e 60° were collected in theω-scan mode, a polyhedral
crystal (0.18× 0.26× 0.18 mm) being used. Due to a very large
length of theb-axis of the crystal, reflectionshkl and h,k ( 1,l are
very close in the reciprocal space, and the measured intensities of
weaker reflections are inevitably influenced by neighboring stronger
reflections. Therefore, we had to carefully select the reflections that
could be used for the refinement. First, we omitted the reflections with
asymmetric backgrounds. We judged a reflection was asymmetric if
the following three conditions were all satisfied: (1) The higher
background was larger than 3 times the lower background. (For each
reflection, the background was measured before and after the scan of
the peak, and we call the larger value the higher background and the
other the lower background.) (2) The difference of the backgrounds
was larger than 8 times the expected standard deviation (the square
root of the sum of the variances of the backgrounds). (3) The higher
background was larger than1/20 of the measured intensity of the peak.
The number of the reflections omitted by this process was 73 among
the 29 667 reflections. Then, the reflection data were corrected for
absorption by the empiricalæ-scan method13 (relative transmission
factor: 0.80-0.99) and equivalent reflections were averaged to yield
14 852 independent reflections (Rint(Fo2) ) 0.034). Among the
reflections affected by the neighboring ones, the rejection of the
asymmetric reflections removed only those whose neighboring affecting
reflection was on the line along which the X-ray counter scanned by
theω-scan method. Therefore, we omitted the reflectionhkl if the Fo
of one of its neighboring reflectionsh,k( 1,l was larger than 30.0 and
also larger than 4 times theFo of the reflection itself. The number of
the reflections omitted in this second process was 2150 among 14 852
reflections. In the final refinements, 178 reflections that were not
consistent with the systematic absences expected for the space group
P21/a were omitted, among which 52 reflections were observed. The
number of the observed reflections with|Fo| > 3σ(Fo) used for the
refinements was 6973.
The observed systematic absence (h0l, h odd) showed that the

structure had ana-glide plane. Furthermore, most of the reflections
0k0 (k odd) were not observed, which suggested the centrosymmetric
space groupP21/a. The existence of the screw axis could not be
definitely deduced from the systematic absences due to the limited
number of the reflections 0k0, and the structure was refined in both
space groups. When the space groupPa was assumed, the refined
structure gave a little betterR values (R ) 0.049,Rw ) 0.047) for
12 297 observed reflections where Bijvoet pairs were not averaged.
However, calculated P-O bond distances were scattered in abnormally
wide ranges (1.41(2)-1.59(2) Å for P-O(-Ru) and 1.50(2)-1.68(2)
Å for P-O(-P)). On the other hand, when the space groupP21/a
was assumed, theR values were higher (R ) 0.058,Rw ) 0.054) for

the same set of reflections, but all bond distances were reasonable.
Consequently, we selected the space groupP21/a.

Initial positional parameters were obtained by transformation of the
positional parameters of the subcell structure into those of the 8-fold
cell. The parameters of the subcell structure were obtained by averaging
the reported atomic parameters of V(PO3)3.4 All atoms were isotro-
pically refined by the full-matrix least-squares method with the
ANYBLK program,14 where scattering factors were taken from the
standard source.15 Empirical extinction correction was included in the
refinements and the refined extinction parameter (rT) was 1.33(1)×
10-6 cm2.16 The crystallographic data and finalR values are shown in
Tables 1 and 2, respectively.17 The final positional and thermal
parameters with interatomic distances and angles are given in the
Supporting Information.

It should be noted that the intensities of the main reflections of1
can be well reproduced by a very simple structure. The subcell structure
of the present study (b ) 6.391 Å) with a disorder of the position of
the O1 atom can be refined with the main reflections to give goodR
values (R) 0.055 andRw ) 0.066 for 917 reflections). BetterRvalues
were obtained when we used reflection data obtained with a smaller
crystal for which the effect of absorption was not strong (R ) 0.050
andRw ) 0.031 for 796 reflections). If we had not noticed the existence
of the superlattice reflections, we would have believed the average
structure to be the true structure because it gave lowR values.

Spectroscopic and Magnetic Measurements.The infrared absorp-
tion spectrum and the ultraviolet-visible spectrum of1were recorded
on a Hitachi I-3000 spectrometer and a Hitachi U-3500 spectrometer,
respectively. For the spectroscopic measurements, a finely powdered
sample with KBr was pressed into a disk. Magnetic susceptibility was
measured by the Faraday method on an Oxford Instruments magnetic
susceptibility system with a 7-T superconducting magnet. The
measured sample was fixed in a quartz cell with an aid of a small
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1974; Vol IV, Table 2.3.1.
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by the neighboring reflections were included in the refinement, the
convergedR andRw were 0.077 and 0.071, respectively, for 8517
observed reflections (|Fo| > 3σ(|Fo|)), where those with asymmetric
backgrounds were omitted. The average deviation of the atomic sites
obtained by this refinement from the corresponding site described in
the Supporting Information was 1.3 pm, and the O2.6 atom showed
the largest deviation (4.3 pm).

Table 1. Crystallographic Data for1 (Monoclinic Ru(PO3)3)

chem formula O9P3Ru fw 337.99
a 10.578(5) Å space group P21/a (No. 14)
b 51.154(5) Å T 297 K
c 9.394(4) Å λ 0.7107 Å
â 97.74(4)° Fcalcd 3.57 g/cm3

V 5037(3) Å3 µ 32.8 cm-1

Z 32 R, Rw see Table 2

Table 2. R-Values for1 (Monoclinic Ru(PO3)3)

type of reflcns no. of reflcns Ra Rwb

obsd all reflcns 6973 0.058 0.049
obsd sublattice reflcnsc 1274 0.040 0.044
obsd superlattice reflcnsd 5699 0.071 0.059
all reflcnse 10278 0.081 0.050
sublattice reflcnsc,e 1621 0.045 0.044
superlattice reflcnsd,e 8657 0.106 0.057

a R ) ∑(||Fo| - |Fc||)/∑|Fo|. b Rw ) [∑w(|Fo| - |Fc|)2/∑w|Fo|2]1/2,
w ) 1/σ(Fo)2. cReflections with indiceshkl, k ) 8n (n: integer).
dReflections with indiceshkl, k * 8n (n: integer).eReflections with
|Fo| < 3σ(Fo) were included, but those with negative measured
intensities were omitted.
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amount of Nujol. The background data for the cell and the Nujol were
measured separately and subtracted from the raw data.

Results and Discussion

Preparation and Chemical Properties. Our first attempts
to prepare ruthenium phosphate from ruthenium dioxide (rutile
structure) were not successful. Ruthenium dioxide reacted very
slightly with phosphoric acid or phosphorus(V) oxide and was
reduced to metal when it was heated with ammonium phosphate.
However, the reaction of ruthenium trichloride hydrate with
phosphoric acid gave a yellow powder of1. The difficulty of
the preparation of ruthenium phosphates from ruthenium dioxide
indicates the high stability of the dioxide.
Compound1 does not dissolve in mineral acids or strong

alkaline solution. Reduction of the compound by a hydrogen
flow (1 atm) at 1050°C yielded a mixture of RuP2 (marcasite
structure)18 and RuP (MnP structure).19 Reduction of iron
phosphate by hydrogen is one of the classical methods for
preparing iron phosphides.20

Magnetic Properties and Visible Spectrum. The magnetic
susceptibility of1 approximately obeyed the Curie-Weiss law
with a weak antiferromagnetic interaction (Θ ) -3.55 K) and
indicated that each ruthenium atom (d5) had one spin. At higher
temperatures, the observedµeff values were larger than the spin-
only values (1.73µB) as shown in Figure 1 presumably due to
the contribution of the orbital angular moment. The temperature
dependence of theµeff value expected for a Ru3+ ion in the
perfect octahedral environment calculated according to Kotani's
method is illustrated in Figure 1.21 At higher temperatures, the
observedµeff values were lower than the values obtained by
Kotani’s method. The ruthenium atoms in1 are not in perfect
octahedra, and the orbital angular moment does not so com-
pletely contribute to the magnetic moments as assumed in
Kotani’s method.
The electronic spectrum of the compound had an absorption

peak at 228 nm with a broad shoulder (370-470 nm) spread
around 440 nm. This spectrum is very similar to that reported

for the Ru(H2O)63+ ion in aqueous solution, which has an
absorption peak at 225 nm and a weak absorption at 392 nm.22

Following the analysis of the spectrum of the hexaaqua ion,
we can assign the absorption of1with higher energy to a ligand-
to-metal charge-transfer band and one with lower energy to a
d-d band.
Subcell Structure. While normal C-form metaphosphates

have a 3-fold superstructure (space groupIa),3-101 has an 8-fold
superstructure (space groupP21/a). However, the structure of
1 is very similar to that of the normal C-form metaphosphates.
The cell constants of these phosphates are compared in Table
3.
A unit cell of 1 contains eight subcells, theb-axes of which

are b/8 (b0) long. Because the atomic arrangements in the
subcells of1 are very similar to each other, the subcells can be
regarded as distorted variations of a hypothetical subcell
structure, which will be called the “parent structure”. Further-
more, the subcells of1 are very similar to those of the normal
C-form metaphosphates. Therefore, it is reasonable to assume
the parent structures of1 and normal C-form metaphosphates
to be isotypic. Then, the parent structures of these compounds
must have all the symmetry elements found in both of them.
To be the supergroup of the space groupsP21/a (b ) 8b0) and
Ia (b ) 3b0), the space group of the parent structures isI2/a.
Though the parent structure has a small unit cell, we need

the atomic coordinates of the structure in a big unit cell that
has the same dimensions and the same symmetry (P21/a) as
found for the real superstructure of1. The multiplicity of a
general position of the small cell is eight while that of the big
cell is four. Then, a general position in the small unit cell is
converted into 16 independent positions in the big cell. They
are expressed as (x0, (y0 + n)/8, z0) and (0.5- x0, (0.5- y0 +
n)/8, 0.5-z0), wherex0, y0, andz0 are the coordinates of the
position in the small cell andn is an integer from 0 to 7. We
label the atomic positions in the big cell by combining the name
of the atomic positions in a small cell (Figure 2a) and the
number of the sequence in generating the positions by the above
expression. For example, the name O2.3 means that it is derived
from the O2 atom in the small cell and generated by (x0, (y0 +
3)/8, z0). If the atomic position is special, we obtained the
sequence number after removing the duplicate positions from
the list of the generated positions. In the parent structure, the
atoms Ru and O1 are at an inversion center and the atom P1 is
on a 2-fold rotation axis.
Since the atomic positions of the real superstructure have the

one-to-one correspondence with those of the parent structure

(18) (a) Holseth, H.; Kjekshus, A.Acta Chem. Scand.1968, 22, 3273. (b)
Holseth, H.; Kjekshus, A.Acta Chem. Scand.1968, 22, 3273.

(19) Rundqvist, S.Acta Chem. Scand.1962, 16, 287.
(20) Struve, H.Z. Prakt. Chem. 1860, 79, 321.
(21) (a) Kotani, M.J. Phys. Soc. Jpn.1949, 4, 293. (b) Kotani, M.Prog.

Theoret. Phys. Kyoto, Suppl.1960, 14, 293. (22) Harzion, Z.; Navon, G.Inorg. Chem.1980, 19, 2236.

Figure 1. Effective magnetic momentµeff of 1. Small squares show
the observed values ofµeff calculated by the equation{3kT(ø-ød)/NA}1/2.
Herek is Boltzmann’s constant,T is the temperature of the measure-
ment,ø is the measured susceptibility, andNA is Avogadro’s number.
The diamagnetic contributionød was estimated by Pascal’s law to be
-1.13× 10-4 emu/mol. The solid curve was calculated by the Curie
law (µc/µB ) {g2s(s+ 1)T/(T - Θ)}1/2) with s) 1/2, g ) 2, andΘ )
-3.55 K. The broken curve was obtained by Kotani’s theory (µK )
µc[{1+ 8kT(1- p)/(3λ)}/(1+ 2p)]1/2, p) exp{-3λ/(2kT)}) with λ )
1250 cm-1.

Table 3. Cell Constants and Space Groups of C-Form M(PO3)3

M a/Å b/Å c/Å â/deg V/Å3 SGa

Alb 10.423(3) 18.687(2) 9.222(1) 98.37(1) 1777 Ia
Rhc 10.481 19.065(9) 9.296(4) 98.03 1839(2)Ia
Crd 10.536 18.977(2) 9.347(1) 98.11 1850.2(3)Ia
Ve 10.615(2) 19.095(4) 9.432(1) 97.94(1) 1893 Ia
Tif 10.730(2) 19.355(3) 9.551(2) 97.874(3) 1964.6Ia
Mog 10.819(1) 19.515(3) 9.609(1) 97.74(1) 2010(3)Ia
Inh 10.876(2) 19.581(2) 9.658(2) 97.77(1) 2038 Ia
Sci 10.917 19.588 9.690 97.95 2052 Ia
Ybj 11.219(2) 19.983(3) 9.999(3) 97.30(2) 2223 P21/c
Ruk 10.578(5) 51.154(5) 9.394(4) 97.74(4) 5037(3)P21/a
subcell∼10.6 ∼6.4 ∼9.4 ∼97.7 ∼630 I2/a

a Space group.bReference 3. The original space group wasIc.
cReference 9. The original space group wasCc. dReference 10. The
original space group wasCc. eReference 4. The original space group
wasIc. f Reference 7. The original space group wasIc. gReference 8.
hReference 6. The original space group wasIc. i Reference 5. The
original space group wasCc. j Reference 30.k This work.
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described in the big cell, we use the same atomic labels for the
real structure. This notation leads a natural classification of
atomic positions in the real superstructure. For example, the
atoms P2.0, P2.1, ..., and P2.15 make a group and they are called
P2 atoms in the following discussion.
To obtain the coordinates of the parent structure in the small

cell, we performed the reverse conversion of the atomic
coordinates of the real structure and averaged them. The reverse
conversion is (x, 8y - n, z) for first eight atoms and (0.5- x,
0.5- 8y+ n, 0.5- z) for the rest. An atom at a special position
can be reversely converted in two ways, and the averaging
operation automatically leads to the fixed coordinates. The
atomic coordinates of the parent structure of1 calculated by
this method are given in Table 4. We calculated the coordinates
of the parent structures for normal C-form metaphosphates from
the reported data by a similar method. The results show that
all of the parent structures are very similar.
The parent structure of1 is illustrated in Figure 2a, where

the atomic labels used in this article are defined. Spiral
metaphosphate chains containing a sequence-O2-P1-O2-
P2-O1-P2- run along thec-axis. While O1 atoms and O2
atoms bridge two phosphorus atoms, other oxygen atoms are
connected with a phosphorus atom and a ruthenium atom.
Ruthenium atoms are octahedrally coordinated by oxygen atoms.
The O1 atom is at an inversion center in the parent structure,
and the crystallographic symmetry forces the bond angle P2-
O1-P2 to be linear.
Superstructure. Since the number of bond distances and

angles in1 is too large, we group them and give minimum,
maximum, and average values for each group in Table 5, where

all bond distances or angles derived from the equivalent
distances or angles in the subcell structure make a group. The
standard deviation of bond distances in each group is small
(0.007-0.016 Å), and most of the deviations of the bond angles
of O-X-O (X ) Ru and P) are smaller than those of oxygen

Figure 2. ORTEP drawing of1 projected along theb-axis. (a) Parent structure calculated by averaging the subcells of monoclinic Ru(PO3)3 (1).
Symmetry code: (i)1/2-x, 1/2 - y, 1/2 - z; (ii) x, 1/2 - y, z- 1/2; (iii) 1/2 - x, y, 1 - z; (iv) x - 1/2, -y, z- 1/2. (b) Real structure of1 illustrating
the deviations of atomic sites from the parent structure.

Table 4. Atomic Coordinates of the Parent Structure of1
(Monoclinic Ru(PO3)3)a

atom x y z

Ru 0.0 0.0 0.0
P1 0.25 0.688 51 0.0
P2 0.138 97 0.160 89 0.313 37
O1 0.25 0.25 0.25
O2 0.192 36 -0.044 04 0.373 00
O3 0.147 07 -0.196 32 0.055 33
O4 0.382 31 0.211 27 0.064 43
O5 0.030 91 0.123 35 0.199 99

a Space groupI2/a. Cell parameters:a ) 10.578 Å,b ) 6.394 Å,
c ) 9.394 Å,â ) 97.74°. The atomic parameters were obtained by
averaging those of the real structure.

Table 5. Minimum, Maximum, and Average Bond Distances (Å)
and Angles (deg) of Monoclinic Ru(PO3)3a

nb minc maxc av stdd

Ru-O3 16 1.999(9) 2.057(9) 2.025 0.016
Ru-O4i 16 2.000(8) 2.039(8) 2.020 0.011
Ru-O5 16 2.017(10) 2.078(9) 2.038 0.016
P1-O2 16 1.561(10) 1.603(10) 1.581 0.013
P1-O3 16 1.463(9) 1.504(9) 1.486 0.011
P2-O1 16 1.561(9) 1.609(8) 1.581 0.012
P2-O2 16 1.558(9) 1.604(10) 1.583 0.014
P2-O4 16 1.467(9) 1.500(9) 1.487 0.009
P2-O5 16 1.472(11) 1.498(10) 1.485 0.007

O3-Ru-O4i 16 84.9(3) 93.6(3) 89.6 2.5
O3-Ru-O4iii 16 87.1(3) 93.8(3) 90.4 1.9
O3-Ru-O5 16 83.4(3) 95.4(4) 89.6 3.8
O3-Ru-O5ii 16 84.6(4) 96.6(3) 90.5 3.1
O4i-Ru-O5 16 85.8(3) 94.8(4) 90.6 2.8
O4i-Ru-O5ii 16 85.4(4) 93.0(4) 89.5 2.1
O3-Ru-O3ii 8 174.5(4) 180.0 177.1 1.7
O4i-Ru-O4iii 8 173.2(4) 180.0 176.7 2.3
O5-Ru-O5ii 8 172.6(3) 180.0 175.9 2.5
O2-P1-O2iii 8 104.5(5) 108.4(5) 106.5 1.3
O2-P1-O3 16 101.2(5) 108.6(5) 105.4 2.1
O2-P1-O3iii 16 106.3(5) 113.8(5) 109.6 2.4
O3-P1-O3iii 8 116.9(5) 122.5(5) 119.6 1.8
O1-P2-O2 16 99.7(5) 104.3(5) 101.8 1.2
O1-P2-O4 16 106.5(5) 111.3(5) 109.3 1.2
O1-P2-O5 16 108.5(6) 112.7(5) 110.5 1.0
O2-P2-O4 16 105.8(5) 110.2(5) 108.0 1.4
O2-P2-O5 16 105.2(5) 114.9(5) 110.1 2.7
O4-P2-O5 16 114.4(5) 118.7(5) 116.3 1.1
P2-O1-P2 8 136.4(6) 151.6(7) 143.3 4.7
P1-O2-P2 16 134.8(6) 150.5(7) 143.1 4.8
Ru-O3-P1 16 131.6(6) 153.0(7) 141.4 6.3
Ru-O4-P2 16 128.1(6) 144.5(6) 136.8 5.6
Ru-O5-P2 16 133.1(5) 140.7(6) 136.4 2.1

a Bond distances or angles in the superstructure generated from the
same or equivalent bond distances or angles in the subcell structure
were grouped. Symmetry operation codes: (i)x + 1/2, -y + 1/2, z; (ii)
-x, -y, -z; (iii) -x+ 1/2, y+ 1/2, -z. b The number of bond distances
or angles in each group.c The standard deviations given in parentheses
are obtained in the structure analysis, indicating the estimated errors.
d The value is the standard deviation of the distribution of the bond
distances or angles in each group.
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atoms. The results indicate that the RuO6 and PO4 polyhedra
are rigid. The averages of all bond distances in the superstruc-
ture are 2.028 Å for Ru-O, 1.486 Å for P-O(-Ru), and 1.582
Å for P-O(-P). These distances are similar to those observed
in other ruthenium phosphates and ruthenium silicophosphate.2,23

We calculated the average displacement of each atom from
the parent structures for1 and for normal C-form metaphos-
phates (Table 6). In all of the phosphates in the table, the
average displacement of the O1 atom is largest. The directions
of the shifts of the O1 atoms are nearly along theb-axis. We

will call a shift of an O1 atom toward the positive direction of
theb-axis “up” and a shift in the reverse direction “down”. Then,
the sequence is up-down-up-up-down-up-down-down as
shown in Figure 3a. On the other hand, the sequence in normal
C-form metaphosphates (3-fold superstructure) is up-up-
down-up-up-down (Figure 3c). In Figure 3, the amounts of
the displacements of O1 atoms along theb-axis are plotted
against theiry-coordinates. The plots in Figure 3b,d indicate
that the deviations of the O1 atoms make a static longitudinal
sine wave along theb-axis. The wavelength is8/3 times of the
length of theb-axis of the subcell (b0) for 1 and 3 times for
normal C-form metaphosphates.
The O1 atoms, which have the largest displacements, show

a static wave with a wavelength of8/3b0. Then, it is plausible
that other atoms have similar static displacement waves along
theb-axis with the same wavelength. The existence of the wave
in the whole structure can be directly proved by the intensity
distribution of the superlattice reflections. The reflections with
indicesk ) 8k0 ( 3 (k0: integer) are much stronger than other
superlattice reflections as shown in Table 7, which is expected
from the theory for the superlattice reflections of the structure
with a static wave along theb-axis with the wavelength of
8/3b0.24

We discuss here the relations among the static displacement
waves in the neighboring O1 columns running along theb-axis.

(23) Fukuoka, H.; Imoto, H.; Saito, T.J. Solid State Chem.1996, 121,
247.

(24) Janssen, T.; Janner, A.; Looijengga-Vos, A.; de Wolff, P. M. In
International Tables for Crystallography; Wilson, A. J. C., Ed.;
Kluwer: Dordrecht, The Netherlands, 1995; Vol. C, p 799.

Figure 3. Comparison of the superstructures of1 and Rh(PO3)3: (a) 101 section of the structure of1; (b) displacements of O1 atoms along the
b-axis in 1 plotted against theiry-coordinates; (c) 101 section of the structure of Rh(PO3)3; (d) displacements of O1 atoms along theb-axis in
Rh(PO3)3 plotted against theiry-coordinates. In (a) and (c), the small dots indicate the sites of the O1 atoms in the parent structure. In (b) and (d),
the longitudinal displacement waves are illustrated as transversal waves.

Table 6. Average Displacements of Atomic Positions from the
Parent Structure in M(PO3)3 (C-Form) (pm)a

M P1 P2 O1 O2 O3 O4 O5

Al b 13 18 10 48 33 23 31 25
Rhc 13 19 11 46 34 27 39 26
Crd 13 18 10 46 36 26 34 26
Ve 13 19 11 47 37 27 34 27
Ti f 15 21 10 52 38 27 34 27
Mog 14 20 9 47 40 27 36 27
Inh 16 22 9 54 41 33 35 28
Sci 15 20 8 47 41 29 31 27
Ruj 13 19 12 57 35 27 38 25

a Labels of atoms are defined in Figure 2a.bReference 3.cReference
9. dReference 10.eReference 4.f Reference 7.gReference 8.hRef-
erence 6.i Reference 5.j This work.
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As shown in Figure 4, the wave is approximately reverse in
direction of the displacement to those in the neighboring
columns in a 101 layer. In other words, the phases of the waves
in the two neighboring columns are different by ca.π radians
from each other. In normal C-form metaphosphates, the
neighboring columns in a 101 plane are related by the body-
centering translation, and the phases of their displacement waves
have a difference ofπ radians exactly. Figure 5 illustrates the
projection of the structure of1 on a 100 plane showing the
relation of the displacement waves in the adjacent 101 layers.
It indicates that the phases of the waves in the neighboring 101
layers are different also byπ radians. The difference is
crystallographically fixed because the screw axis (21) running
near the P1 atoms requires the neighboring displacement wave
to be shifted byb/2 ()4b0) along theb-axis. In normal C-form
metaphosphates, similar phase differences are observed though
the crystal symmetry does not force such phase differences. In
conclusion, the phases of the displacement waves of the
neighboring columns are always different byπ radians in1 and
normal C-form metaphosphates.
Structural Frustration. In the parent structure of1 and

normal C-form metaphosphates, the O1 atoms are at an inversion
center and have an unfavorable bond angle of 180°. In the real
structures, they shift most greatly from the positions of the parent
structure. Therefore, the origin of the deformation is presumed
to be the O1 atoms and we start the description of the
deformation of the C-form phosphates from the shift of an O1
atom.

Since the bond angle of 180° is unfavorable for oxygen atoms,
the O1 atom moves from an inversion center (1 in Figure 6).
Then, the PO4 tetrahedron (A in Figure 6) that contains the O1
atom has to rotate to keep the tetrahedral shape (2 in Figure 6).
When the PO4 tetrahedron A rotates, the MO6 octahedron B
that shares an oxygen atom with the tetrahedron has to rotate,
too (3 in Figure 6). Thus, a shift of an O1 atom is transmitted
mechanically to the neighboring polyhedra. We can see two
routes that correlate the shifts of two O1 atoms neighboring in
a column along theb-axis, 1f Af 2f Bf 3f Cf 4f Df
5 and 1f Ef 6f Ff 7f Gf 8f Hf 5 in Figure 6, and
both of them lead to the reverse shifts of the neighboring O1
atoms. The mechanical transmission along the path 1f Af

Table 7. Average Intensities of Satellite Reflectionsa

j

0 1 2 3 4 5 6 7

no. 1987 1942 1912 1875 1845 1807 1767 1717
av int 1.000 0.013 0.034 0.225 0.005 0.187 0.019 0.016

a Average intensities of the reflectionshkl, wherek ) 8k0 + j (k0:
integer). The values are normalized by the average of main reflections
(j ) 0). All reflections except for asymmetric ones are included.

Figure 4. Arrangements of the displacement waves of1 in a 101
layer: (a) 101 section of1, when the small dots indicate the positions
of O1 atoms in the parent structure; (b) displacement waves of O1
atoms along theb-axis in1 plotted against theiry-coordinates, where
longitudinal waves are illustrated as transversal waves.

Figure 5. Arrangement of the displacement waves of1 in the 100
plane: (a) 100 section of1, where the small dots indicate the positions
of O1 atoms in the parent structure; (b) displacement waves of O1
atoms in the 100 plane, where longitudinal waves are illustrated as
transversal waves.

Figure 6. Mechanical transmission of the atomic movements caused
by the displacement of an O1 atom in a single 101 layer. The
mechanical transmissions through 1f A f 2 f B f 3 f C f 4 f
D f 5 and 1f E f 6 f F f 7 f G f 8 f H f 5 lead to the
vertical mechanical coupling between the O1 atoms while the transmis-
sion through 1f A f 2 f B f 9 f I f 10 gives the diagonal
coupling. Both couplings demand opposite displacements of the
connected O1 atoms.
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2f Bf 9f If 10 correlates the movements of the O1 atoms
in the neighboring column, and the O1 atoms prefer the shifts
in opposite directions.
In summary, the O1 atoms in a 101 layer have two kinds of

mechanical correlations. One is along theb-axis, and we will
call it vertical coupling. Another is between the O1 atoms in
the neighboring columns and will be called diagonal coupling.
In both couplings, displacements in the opposite directions of
the coupled O1 atoms are the stabler configuration. If only the
atoms in a 101 layer are considered, the displacements of O1
atoms as shown in Figure 7 make all of the couplings satisfied.
Therefore, if a single 101 layer were taken out of the real
structures, the O1 atoms along theb-axis would shift in an up-
down-up-down configuration and the structure would have a
doubledb-axis. The real structures contradict this prediction,
and we have to take interlayer interaction into account. As
shown in Figure 8, the atomic arrangements of two adjacent
101 layers are not the same but related by a mirror perpendicular
to theb-axis. These layers are connected by the mechanical
coupling through 1f Af 11f Jf 12f Kf 13 as shown in
Figure 9. The mechanical connection demands that the con-
nected O1 atoms shift also in opposite directions and make the
structure three-dimensionally coupled as schematically illustrated
in Figure 10a.

Since the displacements of the O1 atoms adjacent along the
c-axis are opposite in the real structures of1 and normal C-form
metaphosphates (Figure 5), we can regard the structure as made
of chains of O1 atoms running along thec-axis, in which “up”
and “down” displacements alternate. These chains are con-
nected by diagonal and vertical couplings, and the problem
becomes equivalent to that of a two-dimensional lattice as shown
in Figure 10b. In other words, this system is made of the O1
atoms linked in a triangular way and each connection demands
the opposite displacements of the connected O1 atoms. It is
not possible to satisfy all of the requirements of the mechanical
couplings, and the structure is mechanically frustrated. This
situation is very similar to that observed in the spin system with
spin frustration, where magnetic spins with negative coupling
constants are arranged in a triangular lattice. Therefore, we
propose to call the frustration of a whole structure caused by
the mechanical interaction of the local atomic displacements
structural frustration.
Recently, Khosrovaniet al. determined the 3× 3 × 3

superstructure of cubic zirconium pyrophosphate ZrP2O7 at room
temperature and they ascribed the cause of the superstructure
to the bending of the P-O-P angles which were 180° in the

Figure 7. Hypothetical concerted shifts of the O1 atoms in a single
101 layer. Filled and open circles indicate “up” and “down” shifts of
the O1 atom, respectively. Solid and broken lines represent diagonal
and vertical couplings.

Figure 8. Schematic figure of a 101 layer of1 and C-form
metaphosphates showing the mechanical couplings between the O1
atoms. Circles indicate the sites of O1 atoms, and the connecting lines
show the mechanical couplings between them. (solid line, diagonal
coupling; broken line, vertical coupling): (a) A single 101 layer; (b)
the 101 layer adjacent to the layer shown in (a). The two layers have
opposite orientations.

Figure 9. Mechanical transmission of the atomic displacements
between the adjacent 101 layers. Two adjacent 101 layers are illustrated
in the figure where the polyhedra in the front layer are hatched. Part
of the front layer is omitted to show the back layer. The mechanical
transmission through 1f A f 11f Jf 12f K f 13 leads to the
interlayer mechanical coupling between the O1 atoms in the adjacent
101 layers.

Figure 10. (a) Schematic figure of three adjacent 101 layers in1 and
C-form metaphosphates. Each layer is shown in Figure 7a,b. (b) Two-
dimensional triangular system equivalent to the system of1 and C-form
metaphosphates if the negative couplings between the adjacent layers
are completely fulfilled. Because vertical and diagonal couplings are
both negative, the structure must have mechanical frustration.
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parent structure.25 The similarity of the C-form metaphosphate
structure and the cubic ZrP2O7 is evident. In the parent subcell
structures, both of the structures have linear P-O-P bonds,
and in the real structure at room temperature, the bonds bend
away to lead to the superstructures. In ZrP2O7, however, a ninth
of the P-O-P angles are linear still in the superstructure, and
at temperatures higher than 290°C the superlattice reflections
disappear, which indicates the long-range order of the displace-
ments of the oxygen atoms is lost.
Mechanical Coupling Model. The structure has three kinds

of mechanical couplings. The first is diagonal in a 101 layer,
the second is vertical, and the third is interlayer. Due to these
couplings, each couple of neighboring O1 atoms prefers shifting
in opposite directions. If any one of the three couplings were
negligibly weak, the structure would be free from mechanical
frustration. An example is shown in Figure 7. The existence
of the superstructure suggests that all of the couplings are not
negligible.
Now we try to make a simple mathematical model of the

frustrated three-dimensional structure illustrated in Figure 10a.
The origin of the coordinate system is put on one of the O1
atoms. Then, the site of an O1 atom can be expressed byju +
kW + lw whereu, W, andw are defined asu ) (c - a)/2, W )
b0, andw ) c/2, and we will denote the position by (j, k, l).
The numbersj andl are integers, and the numberk is an integer
if j is even and a half-integer ifj is odd. The vertical neighbors
of an O1 atom at (j, k, l) are the atoms at (j, k ( 1, l) while the
neighbors in the adjacent layers are at (j, k, l ( 1). The
diagonally coupled neighbors are at (j ( 1, k - 1/2, l) for even
l and at (j ( 1, k ( 1/2, l) for odd l as illustrated in Figure 8.
Since the strain due to the mechanical coupling is released by
the opposite shifts of the O1 atoms connected by the coupling,
the energy due to the mechanical frustration becomes smaller
as the difference of the displacements of two neighboring O1
atoms increases from zero. It is not possible to estimate the
function that describes how the distortion energy depends on
the difference of the displacements of the neighboring O1 atoms.
However, the function may be expanded in a power series
containing only even powers and we assume, simply, that the
first nonzero term, the square term, is important. We refer the
energies to the energy of the crystal of the parent structure. Then,
the average energy changesU, V, andW, which correspond to
the couplings alongu (diagonal),W (vertical), andw (interlayer),
respectively, can be expressed by eqs 1-3. Here,N is the

number of O1 atoms in the crystal. The summation∑ runs all
(j, k, l) sets for the O1 atom sites in the crystal while∑′ and
∑′′ run those with even and oddl values, respectively. The
average energy change∆E of the crystal due to the distortion
is the sum of three terms,U, V, andW. Since it is difficult to
treat this problem in a general form, we assume that the
displacement∆yjkl can be expressed as a single three-
dimensional sine wave (eq 4) as found in the real structures.
We can limit the parameterν in the range of 0e ν < 2π because
substitution ofR′ ) R ( π andν′ ) ν + 2π gives the same

value of∆yjkl for any set of (j, k, l). By eqs 1-4 we can get
explicit expressions forU, V, andW. Because a crystal contains
many O1 atoms, we can use the following relations:

Then, the expressions ofU, V, andW can be reduced into
the following simple forms, where the calculations are tedious
and we used a computer algebra program:26

Because the parameterγ appears only in the expression for
W, minimization ofW determines the value ofγ to be equal to
π. This is what we observe in the real structures as illustrated
in Figure 5.
The parameterR influences onlyU, and cos(ν/2) is positive

becauseν is in the range of 0e ν < 2π. Then,U gets the
minimum whenR ) π. This is also what we observe in the
real structures as shown in Figure 4. Replacement of the
parameterR andγ with π gives the expression of∆E as eq 11.

The condition for the minimum of∆E leads to eq 12. Therefore,

the wavelengthλ of the displacement wave is given by eq 13.

Figure 11 illustrates the relation betweenθ andλ. According
to eq 13, if the diagonal coupling is stronger than the four times
of the vertical coupling (θ g 4.0), the wavelength becomes
infinite, and only “up” or “down” shifts occur in a column along
the b-axis. Because diagonally neighboring O1 atoms are
connected through a shorter path than the vertically connected
neighbors, it is very reasonable that the couplingp is greater
than the couplingq (i.e.θ >1.0). If the strength of the diagonal
coupling is twice that of the vertical coupling (θ ) 2), the
wavelengthλ/b0 becomes 3, as we observe in normal C-form
metaphosphates. The observed wavelength in1 (λ/b0 ) 8/3) is
attained if the parameterθ has a smaller value (θ ) 1.53).

(25) Khosrovani, N.; Korthuis, V.; Sleight, A. W.; Vogt, T.Inorg. Chem.
1996, 35, 485.

(26) Maple V Release 4: Computer Algebra system; Waterloo Maple Inc:
Waterloo, Canada, 1996.

U ) -p{∑′(∆y(j+1)(k-1/2)l - ∆yjkl)
2 +

∑′′(∆y(j+1)(k+1/2)l - ∆yjkl)
2}/N, p> 0 (1)

V) -q∑(∆yj(k+1)l - ∆yjkl)
2/N, q> 0 (2)

W) -r∑(∆yjk(l+1) - ∆yjkl)
2/N, r > 0 (3)

∆yjkl ) a sin(Rj + νk+ γl + æ) (4)

a> 0 -π < R, γ, æ e π

∑sin(tjkl) cos(tjkl)/N) ∑′ sin(tjkl) cos(tjkl)/N)

∑′′sin(tjkl) cos(tjkl)/N) 0 (5)

∑cos2(tjkl)/N) ∑sin2(tjkl)/N) 1/2 (6)

∑′ cos2(tjkl)/N) ∑′sin2(tjkl)/N) ∑′′cos2(tjkl)/N)

∑′′sin2(tjkl)/N) 1/4 (7)

wheretjkl ) Rj + νk+ γl + æ

U ) -pa2{1- cosR cos(ν/2)} (8)

V) -qa2(1- cosν) (9)

W) -ra2(1- cosγ) (10)

∆E) -qa2{θ + 1+ θ cos(ν/2)- cosν} - 2ra2 (11)

θ ) p/q

ν ) 2 arccos(θ/4) (12)

λ/b0 ) π/arccos(θ/4) (13)
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Our discussion is based on a very simple model, and we do
not think that the results derived from the model are quantita-
tively exact. However, the model predicts two important
features of the superstructures in1 and normal C-type
metaphosphates: (1) The wavelength of the displacement waves
along theb-axis can vary depending on the ratio of the strengths
of the mechanical couplings. (2) The waves in the neighboring
columns have always opposite phases. These predictions are
consistent with the real superstructures of these metaphosphates.
Two-Site Model. In the model discussed above, we have

exaggerated the continuous nature of the displacements of the
O1 atoms to make the model easily processed analytically. We
can take another approach to the problem, where we assume
only two positions (“up” and “down”) are possible for each O1
atom and count the numbers of satisfied and unsatisfied
couplings. In this approach, we cannot predict the configura-
tions of the superstructures, but we can explain the changes of
the superstructure as the parameterθ increases. Figure 12
summarizes the configurations of the displacements of the O1
atoms. If the vertical coupling is much stronger than the
diagonal coupling, “up” displacements and “down” displace-
ments alternate along theb-axis, which means the wavelength
is 2b0. As the diagonal coupling becomes stronger, the
wavelength gets longer. The arrangements in1 and normal
metaphosphates are illustrated in Figure 12b,c, respectively.
Finally, if the strength of the diagonal coupling is much larger,
all O1 atoms in a column along theb-axis shift in the same
direction (Figure 12d). The ratios of the couplings connecting
oppositely displaced O1 atoms (satisfied couplings) to all
couplings are also given in the figure. As we expect, the ratio
of the satisfied diagonal couplings increases as theθ parameter
while the ratio for the vertical coupling shows a reverse
tendency.
The mechanical system described in the two-step model is

similar to the Ising model of spin systems. If we reduce the
system into the two-dimensional lattice as shown in Figure 10b,
it is comparable to the triangular spin lattice, where magnetic
spins have antiferromagnetic couplings with neighboring spins.
In the triangular spin system, all couplings between nearest
neighbors have the same strength, which corresponds toθ ) 2
in the present system because the number of the vertical
couplings is twice the number of the diagonal couplings of each
type. In the exact triangular Ising system, the spins are not
ordered.27 However, if a small positive next-neighbor coupling
is introduced, ferrimagnetic ordering becomes stable, and the

resulting arrangement of the spins is similar to the pattern shown
in Figure 12c.28

Ru(PO3)3 vs Normal C-Form Phosphates. All single
crystals of1 have shown an 8-fold superstructure, while all
C-form metaphosphates with superstructure have tripled b-axes.
However, the local geometries of the two superstructures are
almost identical. All average bond angles of1 except fortrans-
O-M-O angles are between the corresponding angles of Mo-
(PO3)3 and Rh(PO3)3 (Table 8), and average geometries do not
indicate any special feature in the structure of1 compared to
the normal C-form metaphosphates. Subtle conditions seem to
determine whether the 3-fold or 8-fold superstructure is adopted
by a particular metaphosphate. Discussion in the previous
sections indicates that stronger vertical couplings compared to
the diagonal couplings induce the 8-fold superstructure instead
of the 3-fold one. Then, the problem is how the strengths of
the vertical and diagonal couplings are determined. The
diagonal coupling is transmitted through atrans-O-M-O
linkage of a metal octahedron, and its strength is determined
by the rigidity of thetrans-O-M-O angle (Figure 13). This
prediction is supported by comparing the geometries of the MO6

octahedra on the routes of the mechanical transmission of the
satisfied couplings and those on the routes of unsatisfied
couplings. In1, thetrans-O4-Ru-O4 angles in the unsatisfied
couplings are significantly bent (173.2(4), 173.5(3), and 174.9-
(4)°) while the corresponding angles in the satisfied couplings
are between 177.4 and 180° (average 178.4°). Therefore, the
O4-Ru-O4 angles have some strain in the unsatisfied cou-
plings, and the strength of the diagonal coupling is mainly
determined by the energy to bend thetrans-O-Ru-O angle.
On the other hand, the vertical coupling is caused by mechanical
connection through a tetrahedron of the P1 atom and acis-O-
Ru-O linkage (Figure 13). The phosphorus atoms that are on
the paths of the unsatisfied couplings are P1.2 and P1.7. Their
coordination tetrahedra have a small O-P1-O angle (102.1-
(5) and 101.2(5)°) while the minimum O-P1-O angles in other
P1O4 tetrahedra are larger than 103.2° (average 104.4°). These
bond angles indicate that the P1O4 tetrahedra in the unsatisfied
vertical couplings have some strain. In contrast, the octahedra
in the unsatisfied couplings are not much deformed. The angles
of cis-O3-Ru-O4 are within 90.0( 3.5°, and the octahedra
are not effective in releasing the strain in the unsatisfied vertical
coupling. Therefore, the geometries indicate that the strength
of the vertical coupling is mainly determined by the rigidity of
the O-P1-O angle. In conclusion, the 8-fold superstructure
is stabilized compared to the 3-fold one by two factors: (a)
soft trans-O-M-O angles; (b) rigid O-P1-O angles. The
reason that only ruthenium metaphosphate satisfies these
conditions has not been well solved as yet.
Symmetry of the C-Form Metaphosphate Structures.As

discussed above, all of the C-form phosphates have very similar
parent structures of theI2/a symmetry, where the P1 atoms are
on the 2-fold rotation axis. In the real structure, however, the
shifts of the O1 atoms rotate the tetrahedra of the P1 atom
around the normal of the 101 plane, and the 2-fold rotation
symmetry is destroyed. Possible subgroups of the space group
I2/awith a ) a0, b ) nb0, andc ) c0, (a, b, c, unit cell vectors
of the superstructure;a0, b0, c0, unit cell vectors of the subcell)
depend on whether the numbern is even or odd. Ifn is odd,
the space group of the superstructure isI2/a or any of its t
subgroups.29 If we exclude the space groups that have the 2-fold

(27) (a) Wannier, G. H.Phys. ReV. 1950,79, 357. (b) Wannier, G. H.Phys.
ReV. B 1973, 7, 5017.

(28) Mekata, M.J. Phys. Soc. Jpn.1977, 42, 76.

Figure 11. Relation between the parameterθ and the wavelength (λ)
of the modulation expected from the simple model. The parameterθ
is the ratio of the diagonal coupling constant to the vertical coupling
constant. The point (a) represents a structure in which the “up” shift
and the “down” shift alternate as shown in Figure 12a. The points (b)
and (c) correspond to the superstructures of1 (λ ) 8/3) and C-form
metaphosphates (λ ) 3), respectively, which are illustrated in Figure
12b,c.

4180 Inorganic Chemistry, Vol. 36, No. 19, 1997 Imoto et al.



rotation axis, the possible space groups with the highest
symmetry areIa, P21/c, andP21/a. The last is not suitable
because it requires some of the O1 atom at the inversion center.
The space groupIa is observed for most of the C-form
metaphosphates. The space groupP21/c was reported for Yb-
(PO3)330 though the assignment of the space group had some
ambiguity.31 On the other hand, if the numbern is even, the
possible space groups areP21/a, P21/c, or any of the t subgroups
of them. However, the space groupP21/c requires some of the
O1 atoms at the inversion center and the allowed space group
with the highest symmetry is onlyP21/a, which is the one found
for 1. In conclusion, the possible space groups for C-form
metaphosphates with the highest symmetries areIa with oddn,

P21/c with oddn, andP21/a with evenn, and all of them have
been reported for real structures.

Conclusion

Many stoichiometric oxides including silicates and phosphates
are reported to have superstructures. In most of these com-
pounds, the causes of the superstructures are not attributable to
the electronic structures and must be some local mechanical
frustration. However, the mechanism how the mechanical
frustration leads to the superstructure has not been well
understood due to the complexity of the real structures.
The superstructures of1 and that of the C-form metaphos-

phates are different only in the wavelength of modulation. They
are simple superstructures in some aspects: (1) Only O1 atoms
connecting two phosphorus atoms are mechanically frustrated.
They have bond angles of 180° in the parent structure. (2) The
displacements of the O1 atoms are mainly along theb-axis. (3)
The superstructures have only one main modulation wave.
Owing to these simple characters, we can construct a

mathematical model, which reveals fundamental features of
these superstructures. The origin of these superstructures is the
linear bond angles of oxygen atoms. Because the displacements
of the oxygen atoms induce the consecutive rotations of
connected MO6 and PO4 polyhedra, the oxygen atoms are
mechanically coupled. If the couplings are not consistently
satisfied by any set of displacements of the frustrated atoms in
a unit cell, a superstructure appears. We can say, in short,
“structural frustration causes the superstructure”. Many super-
structures of oxides seem to have the same mechanism. The
most important examples are perovskite-type compounds and
three forms of silica. All these compounds have linear bond
angles of oxygen atoms in high-temperature structures, which
can be regarded as the parent structure, and have many kinds
of superstructures at lower temperatures.
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Figure 12. Configurations of the shifts of O1 atoms in a 101 layer. Filled and open circles indicate “up” and “down” shifts of the O1 atom,
respectively. Solid and broken lines represent diagonal and vertical couplings. The parameters is defined as (number of satisfied coupling)/(number
of all couplings). (a) Configuration expected for strong vertical coupling (λ ) 1). (b) Configuration in1 (λ ) 8/3). (c) Configuration in normal
C-form metaphosphates (λ ) 3). (d) Configuration expected for strong diagonal coupling.

Table 8. Average Bond Angles in M(PO3)3 with Standard
Deviations in Parentheses (deg)

Mo(PO3)3 Ru(PO3)3 Rh(PO3)3

M(cis) 90.04(3.10) 90.03(2.84) 90.02(2.63)
M(trans) 175.06(2.06) 176.58(2.29) 176.34(1.96)
P1 109.34(4.89) 109.35(5.33) 109.35(5.64)
P2 109.28(4.64) 109.30(4.52) 109.31(4.42)
O1 141.03(3.09) 143.25(4.72) 143.04(4.01)
O2 142.05(5.50) 143.13(4.83) 143.97(4.67)
O3 147.69(6.60) 141.39(6.32) 139.49(6.68)
O4 140.11(5.58) 136.81(5.62) 135.57(5.00)
O5 141.29(2.28) 136.44(2.10) 134.84(1.87)

Figure 13. Part of the 101 layer of1 illustrating the transmission paths
of a vertical coupling (broken line) and a diagonal coupling (continuous
curve) between the neighboring O1 atoms.
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